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Abstract 

We develop an obstruction theory for lifting compact objects to the 
stable oo category of quasi-coherent modules over a derived geometric 
stack X from the category of modules over its underlying classical stack 
X cl . The obstructions live in Andre-Quillen cohomology. 



1 Introduction 

The derived category of quasi-coherent modules over a scheme or an algebraic 
stack is usually very badly behaved in the sense that it is not controlled by a 
small data. In certain cases it is possible to find a set of compact generators of 
the derived category of modules in question. For example, if R is a commuta- 
tive ring then the triangulated category D{R) of chain complexes of i?-modulcs 
modulo weak equivalences of chain cohomology isomorphisms is compactly gen- 
erated. Similar thing is true of the unbounded derived category of quasi coherent 
modules over a quasi-compact separated scheme |3] . In general not all algebraic 
stacks have this property. Stable homotopy theory gives rises to more sources 
of interesting trianglated categories. For any .Eoo-ring spectrum A the derived 
category of A-modules is compactly generated. For any derived scheme, formed 
by gluing derived affine schemes Spec(A) along Zariski maps of ii^-rings, the 
derived category of quasi-coherent modules form a compactly generated triangu- 
lated category [T] . We are interested in the triangulated category of the derived 
category of quasi-coherent modules over any general derived algebraic stack. 
Throughout this paper we think of derived algebraic stacks, once rigidified, as 
being equivalent to cosimplicial connective -Eoo-rings. 

Given a derived oo-stack X, we want to study the stable oo-category of quasi- 
coherent modules over X. If X is an algebraic stack, i.e. X admits an atlas 
by simplicial derived affive scheme U,, we get a cosimplicial stable oo-category 
Mod(C/ # ). The stable oo-category modules over the stack X is the totalization 
Tot(Mod(Z7.)). 

Let Coo be the category of connective Eoo rings. Another way to approach 
this is to consider the stack QC considered as a moduli functor 

QC : Coo -> Pr st 

— oo 

where the right side is the oo-category of presentable stable oo-categories, so 
that QC(A) = Mod(A) and QC takes a map of modules / : A — s- B to the 
functor — ®a B. This naturally extends to a functor between oo-categories. 
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The desired object, i.e. the oo-category of quasi-coherent modules over any oo- 
stack X : — > SSet is Hom oo _ s ^ ac ] iS (X, QC), the hom space in the oo-topos 
of oo-stacks. 

If A is a connective Eoa ring which admits a postnikov tower decomposition 
and A4 an oo-stack which admits a cotangent complex and is infinitesimaly 
cohesive [5], lifting a family of objects classified by hA on the ordinary affive 
scheme Spec ttq A to the derived afhne scheme SpecA is a problem in deformation 
theory. It is controlled by the cotangent complex of the stack M. Associated 
to any derived algebraic oo-stack X there is an ordinary algebraic oo-stack 
X cl which admits an atlas of a cosimplicial ordinary ring obtained by taking 
sectionwise tto of the the atlas of X. We can think of X as an infinitesimal 
extension of the underlying X cl . 

Let X be a derived oo-stack. Let X cl be it's associated classical (non-derived 
stack). There is a natural map i : X cl — > X. The induced map on derived 
categories: 

D qc (X) ^ D qc {X cl ) 

Given arbitrary x in D qc {X) and a perfect u in D qc (X cl ), with a map u — > x 
we would like to find cohomological obstructions for lifting u to a perfect module 
u over X and a map u — > x over X which restricts to u — > x over X cl 

The main result is 

Theorem 1.1. Let X be a perfect derived algebraic n- stack for some n and let 
X be a square-zero extension of X. Let x : X — > QC be a complex of quasi- 
coherent modules over X and let u : X — > QC" be a complex of perfect modules 
over X , along with a map u — » x in QC{X). 

• Then there exists an obstruction theory for deforming u to a u : X — > 
QC U . The space of deformations is isomorphic to D,Homa x (a* Lqc^ , N) 
with loops based at the trivial derivation. 

• // this space in non-empty and u is a deformation of u, then there exists 
a perfect module yp : X — ► QC" along with maps /3 : u — ?> yp and yp, — > x 
in QC(X) such that the triangle commutes in QC{X) 



u >■ x 




There is an obstrucion theory for lifting /3 to /3 : u —¥ yp such that u — > 
yp x is a deformation of a : u — > x. 

More precisely, there exists a moduli functor Q : Q-u^pQC '/xxx an d an 
cocycle in the Andre-Quillen cohomology 

a(u,yp) e Hom 0x (f3*L g ,N) 
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such that, if a(u,yp) — there exists a lift /3. The space of all such 
deformations is isomorphic to 

QHom Ox (0*Lg,N) 

where the loops are based at the trivial derivation. 
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2 Derived oo-stacks: Overview 

In this section we give a brief introduction to geometric oo-stacks. The reader 
may find the necessary details on oo-categories an oo-topoi in [3J. 

Let C op denote a presentable oo-category (connective rings, or simplicial 
commutative rings) with an topology r on C. A derived oo-prestack is a functor 

T : C op -> S 



Spec A = Romc°p(A, — ) 

T is an oo-stack if it satifies Cech descent with respect to r; X G Fun L (C op , 5) 
and J- takes the Cech nerve of any r-cover U — > X to a limit diagram. 

T is an algebraic oo-stack if there is a cosimplicial object A, € (C op ) N ( A > 
and F{B) = \Kom c °p(A., B)\, 

J- = coliniAop Spec A, 

in the oo-category of oo-stacks. 
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2.1 The quasi-coherent oo-stack 



A quasi-coherent sheaf on a scheme X is a morphism of stacks X — > Mod from 
X, considered as a stack, into the canonical stack 

Mod : SpecA ^ Mod a 

of modules which corresponds to the bifibration 

Tc Rings — Mod ->• C Rings 

from the tangent category of the the category of commutative rings to commu- 
tative rings. 

This definition of quasi-coherent sheaves generalizes to any (oo, l)-topos, and 
over arbitrary oo- sites. Let C be symmetric monoidal oo-category equipped with 
Grothendieck oo topology such that C op is presentable. The tangent oo category 
T(C op ) — > C op is the bifibration whose fibers over an object AeC plays the role 
of the oo-groupoid of modules over A, see [2]. 

Under the oo- Grothendieck construction this corresponds to a (oo, 1) presheaf 

Modoo : C op -> Cat^ 

Modoc : SpecR h-> Stab(C°£) 

where Speci? for R 6 C op is the affine object in the geometry defined over C op , 
or directly in terms of test spaces 

Mod^ : U ^ Stab(C w/ ) 

This makes Mod^ € Shv^^C) = [C op ,CaC]. 

Let H = Shvoo(C) be the oo-topos of oo-stacks on C and X £ H be an 
oo-stack. The stable oo category of quasi coherent modules over X is the Horn 
space in the oo-topos H; 

Definition 2.1. 

QC{X) - Hom H (X, Mo^) (1) 

Notice that H C [C op , CatoJ as any oo-groupoid is in Catoo. 
QC(X) is computed using the Yoneda-Kan extension. 



Mod 



-*P{C) 



Ram, (Mod 



Cat 



Kan 

Fun(C op , V) ' > Fun R {P{C) op , V) 

3 

By definition Kan(F)(Y) = linij(!7)_ > .yi ?1 (f7), where Y = colim_ 7 (m_>.-K i 7(J7) 
in P(C). The above adjunction is an equivalence of oo categories; it follows 
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Kan 

from the the standard adjunction Fun(.4, B) , ) Fun L (P(^l), B) being an 

j 

equivalence of oo categories. 

For a prestack X e P(C) = Fun(C op , SSets), suppose X = colim ai j'(Speci? Q ) 

the 

QC(X) = Kaxij(Mod)(X) = lim Q Mod(Speci? Q ) = lim a Stab(C%J. 
If X is an oo-stack, QC{X) can be expressed as a limit similarly, 

QC : oo-stacks^% P(C) op ^— > Cat 

however since i op doesn't preserve limits, it is not straightforward to show. 

If X is a geometric oo-stack (i.e. atlas by a simplicial object in C), we want 
to compute QC{X). QC is the composition 

QC : geomctric-oo-stacks op ^ C A — > P(C op ) Q — -4 CaC 

If A, £ C A is the cosimplicial object such that simplicial object in C, 
Spec(A,) (or simply, the simplicial affine scheme) is an atlas for X, then 

i(A.) = Hom CO p(A„-) 

That is, as an object in the prestack category i(A t ) evaulates on objects in 
C op as the geometric realization 

i(A.)(R) = \Uom C o P (A.,R)\. 

or, i(A,) = colimA°pSpec(A # ) in the oo category of affine C-schemes. 
Therefore, 

QC{A.) = QC(i op (A.)) = gC(limS P ec(A.)) = limQC(Specyl.) = TotMod(A.) 

(2) 

where the limit/Tot is taken in the category of the stable presentable oo cate- 
gories. 

3 Deformation Theory 

In this section we describe the basic setup for doing deformation theory of 
geometric oo-stacks. We will closely follow Lurie's DAG IV [2]. 

Let V be a presentable oo category, then the tangent category Tx> is the 
fiberwise stablization of the projection map 

Fun(A 1 ,2?) Fun({l},2?) ~ V 

Roughly speaking, an object of the tangent bundle T-p consists of a pair (A, M), 
where A G V and M € Stab(£>/,4); here Stab is the stabilization construc- 
tion applied to an oo category. If V is the ordinary category of commutative 
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rings (replace stabilization with abelianization) then the associated tangent cat- 
egory is equivalent to the category of modules; the objects are pairs (A,M), 
where A is a commutative ring and M is a ^4-module. If V is the oo-category 
of -Eoo-rings or simplicial commutative rings then the tangent category recovers 
the categories of modules over such objects. Using this analogy, we can define 
a module over an object A to be an object of the fiber of the tangent category 
T-p over V, ie. the stable oo-category Tp xp A ~ Stab(D/ J 4). 

The cotangent complex functor L : V — > Tp is the left adjoint to the forgetful 
functor 

Tp -> Fun(A 1 ,2?) -> Fun({0},£>) ~ V 

such that the cotangent complex La of and object A is in Stabf^C/^). In other 
words, the composition 

C -^ L T V ^ Fun(A 1 ,P) -> Fun(l,D) ~ V 

is the identity functor. 

The absolute cotangent complex functor L : V — > Tp is defined to be the 
compostion 

V -> Fun(A 1 ,P) ->■ Tp 

where the first map is the given by the the diagonal embedding and the second 
map is the left adjoint to the forgetful functor G : T-p — > Fun(A 1 , V) 

T v > Fun(A 1 ,D) 




V 

Since the diagonal embedding is left adjoint to the evaluation map Fun( A 1 , V) — > 
hbox({0},£>) the absolute cotangent complex functor is left adjoit to the com- 
position T v -> Fun(A 1 ,P) -> Fun({0},X>). 

The fiber of the tangent bundle T-p over A 6 V can be identified with the 
stable envelope Stab {T>/a)- Under this identification the cotangent complex 
La £ Stab (V/a ) corresponds to the image of id^ € T>/a under the suspension 
functor 

E°° : V/a -> Stab(P M ). 

The trivial square zero extension of A G T> along a A-module M , denoted 
by A M is the image of the M under the functor 

n x : Stab(2? M ) ->• V/a -> f 

Given an object A <E V and a A-module M G Tp xp {A}, a derivation of A 
into M is a map n : La ^ M in the co-category Tp Xp {A}. The derivation 77 
equivalently gives a map from A to the trivial square-zero extension of A defined 
by M in the category V, 

d, q : A^ A®M 

The derivation classified by the zero map La — > M (this is a stable category) 
corresponds a canonical section d a : A — >• A(BM in 2?. The square-zero extension 
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of A defined by the derivation r\ : La — > M is the pullback in the oo category 
V. 

A 71 > A 

d„ 

A 2> A® M 

Let / : A — > A be a morphism in T>. Then / is a square-zero extension 
if there exists a derivation 77 : La — > M and an equivalence A ~ A* 7 in the 
oo-category P/a- 

The square-zero extension A will also be alternatively denoted by A(B n QM, 
so that A ©0 ttM ~ A © M. 

3.1 Infitesimal Extensions of oo-stacks 

Suppose A. is a cosimplicial object in C op and X = colim A o P Spec^4. the asso- 
ciated algebraic stack. Then 

Mod 0x = Hom H (X, Mod) 

We have seen have how to compute this 

Mod A . = Tot WeA Stab(C^J ~ Tot [n]eA Mod A „ 

Therefore a module over Ox is an object in the totalization of a cosimplicial 
stable oo-catcgory. The O-simpliccs of the Tot stable oo-category are exactly A - 
modulcs + descent data, i.e. Cx-modules. A Ox-module N is a cosimplicial 
diagram of modules, N n G Stab(C?^ ), and descent data. The trivial square 
zero extension defined by each A„-modulc N n is the image of N n under the 
map cv o n°° : Stab(C° A J -> C op . 

Let Stab(C^ ) denote the cosimplicial stable oo-category induced by the 
cosimplicial diagram A,; given a map A — > B in C op there is a naturally induced 
map of stable oo-categories 

Stab(C^) -> Stab(C^ )■ 

The limit of this diagram in the oo-category of stable oo-categories is the 
category whose objects consists of an object in each category and descent data 
required to glue them. In the general situation we will use the notation V/a^b 
for the oo-category lim(C/yi — > Cm)- Therefore in our case of interest, the 
oo-category Stab(C°^ ) (where Stab is taken level-wise) is the limit category 
Tot[ n]eA Stab(C° A[n] ). 

We can apply the functor f2°° to the cosimplicial stable presentable oo- 
category and compose with evaluation at {0} G A 1 . 

Stab(C;^ ) c°i c A ° p 
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Let A. £ (C op ) A and N a A-module, that is an object in the totalization 
of the cosimplicial category Stab(C^). The the trivial square- zero extension 
of A, defined by N is the image of N under the map o evo. Denote this 
cosimplicial object in C op by A, © N. 

If X is the geometric oo-stack whose atlas is the simplcial affinc C-schcmc 
SpecA., we'll denote the trivial square zero extension by Ox © N. 

The absolute cotangent complex of a cosimplicial ring A, is the absolute 
cotangent complex of the associated geometric stack X = colimA°p SpecA. , Lx 
(defined in the next section). 

Lx £ Stab(Cy^). For any O^-module N, a derivation of X into N is a map 
on the stableoo-category Stab(Cj^) 

n : L x -> N 

By adjunction, this is equivalent to giving a map A, — > A, N in C A P . 

The square-zero extension of A, defined by r\ is the pullback in the 00- 
category C A ° P 

A 7 l ► A. 

A. ^ A.®N 

Denote the geometric oo-stack defined by the atlas Spec.42 by X (B v [UN] . 
3.2 Cotangent complexes of oo-stacks 

The cotangent complex of an oo-stack. Let F be an ooC-stack, i.e. an object 
in Fun(C op ,SSet). For A £ C op and M £ Stab(C°P). Let A ® M be the trivial 
square-zero extension of A by M. Let 

x : Spccy4 -> F 

be a ^4-point. Fix the following notation 

X := Spec A 

X[M] := Spec(A©M) 

The natural augmentation A — > A®M gives a natural map of stacks X — > X[M]. 
The space of derivarions from F to M at x is defined by 

De£ F (x, M) := Hom x/A//c (X[M], F) 

As M 1 ^ X[M] is functorial in M is functorial in M, there is a well defined 
functor 

Def F (x,-) : Mod A -> SSets 
defined to be the homotopy fiber in the oo-catcgory of simplicial sets 

Dcf F (x, M) > F(X[M]) 

* - >F(X) 
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The map X — > X[M] has a canonical section ( the zero derivation do : A — > 
4 © M). Therefore, Deip(x, M) is a pointed space. 

F has a cotangent complex at x if the functor T>eip{x,M) is corepresented 
by a A- module The module Lp, x € Stab(C°^) is the cotangent complex 

of F at ir. 

The oo stack F has an absolute cotangent complex if for any A g C op and 
any a; G F(4), F has a cotangent complex Lp )a; at x and for any commutative 
diagram in oo-stacks / F 

Spec4 > SpecF 




the natural morphism u*Lp x i — > Lp x is an equivalence in Stab(C°^). In such 
a case denote the absolute cotangent complex of F by Lp. This a O^-module. 
Lf is an object in the stable oo-category Hmgp ecA _ >F Stab(Cy^). 

Suppose there is a map of oo-prestacks F — > F'. Since A © N — >• 4 has 
a canonical section, given by the zero derivative, Defp(x,-/V) is a pointed set. 
Denote by 

Beip /F ,(x, -) : Mod A -> SSets 
the homotopy fiber of the map 

df : Def F (x, -) -> Dcf F /(x, -) 

There is an alternate description of Deip/pi(x, — ) : Modyi — > SSets. Con- 
sider the functor G : C-stacks /pv — > SSets which is the restriction of F to along 
the natural map C-stacks/^/ — > C-stacks. Then for a point x : SpccA — > F, 
there is a point x : SpccA — > G where SpecA is considered an object in the 
over-category C-stacks via the map Spec A — » F — >• F' . The relative deforma- 
tion functor at x, Dcfp/ p>(x, — ) is then equivalent toi the absolute deformation 
functor Defc(x, — ). 

F — > F' has a relative cotangent complex at x if Deip/pi(x, — ) is corepre- 
sentable by an n-connective A- module Lp/pi x for some integer n. 

F — >• F' has a relative cotangent complex if F — > F' has a relative cotangent 
complex at x for all points x and given a commutative diagram in oo-stacks 

SpecA > SpecF 




the natural morphism u*Lp/p, x , — » Lpipi x is an equivalence in Mod^. 
Suppose there is a sequence of maps of oo-prestacks 

F -> F' -> F" 

and suppose the relative cotangent complex F'/F" exists, then there is an exact 
triangle in the stable oo-category of F-modules 

Lpi/p" \F — > Lp/ F » -> L F /j?/ 
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in the sense that if either of the second or the third term exist then so does the 
other and the triangle. 

4 Obstruction Theory 

In this section we extend the Toen-Vessozi [B] obstruction theory formalism for 
derived affine schemes to algebraic oo-stacks. 

Suppose d v : X[M] — > X is a derivation, induced by a map n : La —> M in 
Stab(C^). Define X v [OM] := Spec(A ©„ SIM). Then the pullback square 

A ® v SIM > A 

do 

d„ 

A - — > A® M 

means X^[f2M] is the homotopy pushout X Ylx[QM] ^ m ^ ne °o-category of 
affine C-schemes. 

Definition 4.1. An oo-prestack F has an obstruction theory if 

(i) F is infinitesimally cohesive 

(ii) F has a cotangent complex 

Geometric oo-stacks always have an obstruction theory. 

Suppose F is has an obstruction theory then there exists a natural obstruc- 
tion a(x) £ Homj^Q^ (Lp iX , M) for a ^4-point x : X — > F and X,[flM] as 
defined above. This cohomological (Andre-Quillen) obstruction vanishes iff the 
dotted arrow exists in the diagram 

X n [SlM] 

s x 



If a(x) — 0, the space of lifts of x, Homx/ijj c (X,[l]M],F), is isomorphic 
to Kom Mo(iA (L F , x ,SlM) ~ 

Smom ModA (L F ,x,M). 

Is there a similar obstruction theory for lifting a family of object over an 
algebraic oo-stack classified by a moduli stack F which has an obstruction the- 
ory? Suppose X — colimSpecA. (colimit in the oo-category C, i.e. the category 
of affine C-schemes) where A, is cosimplicial C op -object. Let N 6 Stab(C°^ be 
a A.-module and let A2 be the square-zero extension of A, along a derivation 
77 : Lx — > N. We want to find an obstruction for existence of the dotted arrow 
in 
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Spec(A2) 

S. 

S x' 
\ 

s 

Spec(A.)- — Xf 

where a; is a X-point of F. It is clear from definitions that Spec(A2) ~ 
SpecA. UspecA.eJV SpecA.. 

We need to verify that the following is an equivalence of simplicial sets when 
F is infinitesimally cohesive 

F(A2) ~ F(A.) x£ (A>ffiJV) F(A.). 

Here for any cosimplicial C-object B t , F(B,) is defined to be F(colimA°pSpeci?.) 
using the Kan extension along the Yoneda map C — > P(C). 

The following sequence of equivalences gives our desired equivalence. 

F(A*) ~ Tot [Ti]eA F(^ n] ) 
- Tot WeA (F(A [n] ) x h F(A[n]mN[n]) F(A [n] )) 
^TotF(A.)x^ otF(Am(SN) TotF(A.) 
- ^(cohmSpecA.) x£ (colimSpec(A>ffiJV)) F(colimSpecA.) 

5 Moduli of compact objects of QC(X) 

Definition 5.1. (JBj) A object x in an oo-category T> is compact if the functor 
HomT>(x, — ) : T> — > oo-groupoids commutes with small colimits; 

Homx>(x, colim a y a ) ~ colim a Homx>(x, y a ) . 

V is compactly generated if there exists a family of compact objects {x a } a such 
that, any map X — » Y in T> is an equivalence if and only if Homx>(x a , X) — > 
Homx>(x ai Y) is an weak equivalence of simplicial sets for all a. 

A stable oo-category T> is compactly generated if there is a family of compact 
objects such that y £ T> is the zero object iff Homi)(i Q ,j/) is a contractible 
simplicial set for all a. In other words, for any arbitrary y which is not the zero 
object, there is a non-zero map c — > y from some compact object c. 

The oo-stack of perfect quasi-coherent modules QC per f . Consider the oo 
functor considered as an object in P(C) 

Mod : C op -> Catoo^t 
A h> Stab(C^) w . 

For a map A — > B in C, there is a map of oo categories Stab(C°^)" — > 
Stab(C/ B ) w since compact object objects map to compact objects. This extends 
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to an oo-functor. QC per f is the oo-stack (fppf topology over connective E x 
rings) 

Q(jP er f ■ go _ stacks — > Catoo st 

obtained by Kan extension along the Yoneda embedding. 

The objects of Stab(C^) w will be called perfect complexes of modules over 

A. 

The stack QC per f is key to understanding the question of compact genera- 
tion of the stable oo-category QC(X). We need that QC per f has an obstrction 
theory. In order for this we need to establish two things about QC per * 

• QC per f is infinitesimally cohesive 

• QC per f has a cotangent complex 

It follows from a result of Toen-Vessozi [6] that it is enough to show that 

• QC per f is infintesimally cohesive 

• The diagonal A : QC per f —> QC perf x QC per ^ is n-geometric for some n. 

The first follows from the fact that QC is infinitesimally cohesive. For the 
second part, let A e C op and let x,y be objects in QC per ^ (Spec A). In other 
words x and y are perfect modules over A. Let ^l X:V QC perf be the pullback in 
the oo category of oo-stacks. 

A 

SpecA Q° U x 

We'll show that Vl x ^ y QC u is an algebraic n-stack (n-truncated) for some n 
depending on A, x and y. The proof is based on the Artin-Lurie criterion. 

Theorem 5.1. (Lurie) A functor F : connEoo — rings — > SSets is a derived 
algebraic n-stack (in Lurie 's sense, n-truncated) iff the following are satisfied 

(i) F is a sheaf in the etale topology 

(ii) F is uj- accessible, it preserves co-filtered colimits 
(Hi) F is nilcomplete, carries Postnikov towers to limits 
(iv) F is infinitesimally cohesive 

(v) F has a cotangent complex 

(vi) F is formally effective 

(vii) The restriction of F to discrete commutative rings factors through SSets- n . 
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We'll show the existence of the cotangent complex for Q, x ^ y QC" . Checking 
the other hypotheses in the Artin-Lurie criterion are easy. 

Let B be an object under A in C op . Then the restriction of the functor 
^x,yQC^ to C°^i can be described as 

Slx, v QC" =Map Modfl (a; ® A B,y® A B). 

Use the notation T = ^x,yQCJgp ecA ■ C-° A j - ► SSet for the restriction of 
the functor £l x , v QC u : C op -> SSet along the natural functor CZ -> C op . The 
structure morphism SpecA — > SpecS 1 has a cotangent complex. Therefore in 
order to show that Sl x ,yQC" has an absolute cotangent complex it is sufficient 
to show that Q x , y QC u — > SpecA has a relative cotangent complex, which is 
simply the cotangent complex of F. 

Let B G C^y, an object in C-stackSygp ecA . Let z : SpecB — > J- a map 
in C-stacks^gp CCA . We want to show that the functor Def nx v qc u /a( x i ~ ) : 
Mods — > SSet is corepresentable. Recall this is equivalent to the functor 
Defjr(x, — ). Let B©M be the trivial square-zero extension of B along M € 
Modg. We have 



.F(SpecB) = Map Mods (x <S>a B, y® A B) ~ Hom ModA (x, y ® A B) 



^(Spcc(B©M)) = Map Mod (x® A {B®M),y® A {B®M)) ~ Hom M d ^^(BeM)) 



- Hom Mod^ ( x ' V®aB)x Hom ModA (x, y <8> A M) 
All these equivalences commute with the natural map 

J"(Spec(B © M)) -> J-(SpccS). 

Therefore the deformation space Defjr(x, M) which is the homotopy fiber 
of this map at x is equivalent to Homjy^p (x, y ® A M). There is a chain of 
equivalences 

Def>0, M) ~ Hom ModA (x, y ® A M) 
~0°°(Mor A (x,y) ®^ M) 
~ n°°((Mor A (a;,i/) ®a B) ®b M)) 
~ 0°°((Mor s ((Mor A (x, y) ® A M)) 
~ Hom Mods (Mor A (x, y) ® A B) V ,M) 

The notation Mor A (x 7 y) is used for Homjyj odA (x, y) when considered as an 
object of the stable oo-category Mod^- 

The equivalences follow from the facts that Mor A (x, y) is a compact object 
when x and y are compact, Modyt is compactly generated under filtered colimits 
by A and compact objects are dualizable in Mods. 
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Therefore Deij-^x, — ) is corepresentable by the B-module Ljr x := (Mor A (x, y)®A 
B) v . 

Suppose given a commutative diagram in C-stacks^gp eCj4 
SpecC > Speci? 




T 



we have the equivalences 

Ljr, w ~ (Mor A {x, y) ® A C) v ~ Mot a (Mot a (x, y),C) 
u*Ljr iZ ~ (Mot a (x, y) ® A B) v ®C ~ Mor A (Mor A (^, y),B) <g> c B 

The equivalences follow simply from adjunction are compatible with the 
natural map u* Ljr z — > £.f.«, making it an equivalence in Mode- 

This completes the proof that il^^QC" has a cotangent complex. We need 
to verify the rest of the Artin-Lurie conditions to show that it is an algebraic 
stack. Then applying the proposition of [6] it follows that QC U has a cotangent 
complex. 



6 Proof of the Main Theorem 

Definition 6.1. (JJf) A derived oo-C-stack X is perfect if 

(i) X has affine diagonal, 

(ii) QC(X) is a presentable stable oo-category, or equivalenty the triangulated 
category ho(QC(X)) is compactly generated. 

Suppose A, is a cosimplicial object in C op which is level-wise truncated 
as objects in the co-category C op . Then the derived algebraic C-stack X — 
coliniA°pSpec(A.) can be obtained as finitely many square-zero extensions of 
the (non-derived) classical algebraic oo-C-stack 

X cl = colimA°p(Spec(7r A.)) 

There is a natural map i : X cl — > X. Suppose we know that X cl is perfect, 
what can be said about the perfectness of derived counterpart XI Since X cl — > 
X is an infmtesimal extension of stacks, we shall consider the following question: 
suppose i : X — > X is a square-zero extension of an oo-algebraic stack X 
and suppose QC(X) is compactly generated. What can be said about the 
presentability of the stable category QC{X)1 

(I) We've seen in the previous section that QC^ has an obstruction theory. 
Therefore we can use Lqc^ to lift the compact objects in QC(X) to 
compact objects in QC(X). The space of all such lifts is a deformation 
space 
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X 
I 

\u 

X^±QC" 

There is an obstruction in the Andre-Quillen cohomology group 
a(u) G Hom Modox (u*L QC «,N) 

(where N G Stab(C°^ ) is a Ox-module, so that X — colimSpec(^42) for 
some derivation rj : Lx — > N). If a(u) = let u be a deformation of u. 

(II) Given x G QC(X). Then i*(x) G QC(X). Since QC(X) is compactly 
generated, there exists u G QC(X) U and a non-zero map u — > i*{x) in 
QC(X). We want to know if there is a lift of the map / : u — > i * (x) in 
QC(X) to an map u — > x in QC(X) under the map of stable oo-categories 

QC(X) QCpO 

induced by the natural map i : X — > X. 

The space of all possible lifts is the space of deformations of the map 
u — > i*(x) and is controlled by the cotangent complex of the oo-stack 

We'll give an description of the space of lifts of the map / : u — >• i*(x) to 
f-.u^-xia QC{X). 

That fi U] i>(j;)QC ~ X Xqc X in the category of oo-stacks means that for 

any afhne C-scheme il u ^^QC (Spec A) is the oo category Hom oo _ stac ] ts (SpecA, £l Ul i* x QC) 

in which the O-simplices are triplets (/, g, <f>) where 

f,g :SpccA^ X 

and 

c/>: f*u^g*i*(x) 

is a map in Mod^. The 1-cells are morphisms between such triplets 
defined in the natural way. 

In particular, the if we take the test space to be X itself and a square 
zero-extension X of X, then the mapping spaces are 

n Uti * x QC(X) = Ho moo _ St (X, Xx QC X) 
Slu,i*xQC(X) =Rom oo _ St (X,X x QC X) 

The first space is the oo-category whose objects are triplets (f,g : X — > 
X, <fr ■ f*x — > g*y G Mode> x ). The second space is the co-category whose 
objects arc triplets (f',g' : X -> X, <jjl : f'*x -» g'*y G Mode>~). Here 
f'*x, g'*y and </>' are not deformations of f*x, g*y and (f> respectively. 
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However if we consider the point in Q Ut i* x QC(X) represented by the 
object (1, 1, /) corresponds to the triplet (x, y,f:u^> i*x) in X Xqc X, 
then the fiber of Cl u ^» x QC(X) — > Q, u i * x QC(X) over this point 

3) >fl u ^ x QC(X) 

* —^iju i i* x QC(X) 

is the oo-category of objects (u' , x' , /) which are respectively deformations 
of x, u and / : u — > i*(x) to QC{X). This deformation space is larger 
than the one we need. We want the space of deformations of the map / 
that keeps a fixed choice of deformations of the source u and target i*x. 

Consider the moduli functor T : oo-stacks/xx x ~ * Cat^ obtained by re- 
stricting fl u ,i»xQC along the natural functor oo-stacks/xxx — > oo-stacks. 

Let z : SpecA — > T be a map in oo-St/xxx- Then the mapping space 

J"(Spec^) 

is the oo-category whose objects are maps <f> : f*x — > g*y in Modo x . 
Here /, g : Spec A — »■ X x X is the test space in oo-Stxxx- Denote this 
test space by Spec^4/ iff . 

X is naturally an object in oo-St/xxx via the identity maps. We will 
denote this version of X e oo-St/x xX by Xi^. 

Let X be considered an object in oo-St/j^xx via the derivations d\,d,2 ■ 
X — > X x X so that d\u = u and d,2(i*x) = x - Denote this object of the 
over category by X dl . d2 . 

Now consider the point in F{X\^) corresponding to the map / : u — > i*x. 
The fiber of the natural map F{Xd 1 ,d 2 ) — > F{X\ t \) over this point 

2>0 > F{Xdi,d 2 ) 

is the oo-category whose objects are exactly Jhe deformations of the map 
f '. u — y i* x in QC(X) to / : u -> a; in QC(X). 

Therefore if J 7 has an obstruction theory, this deformation problem of 
lifting the map / 




*i,i-r-^ 
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is controlled by the cotangent complex Ljr. Recall that this equivalent 
to the relative cotangent complex Lq u itx Qc/xxx with respect to the 
natural map Q u ,i'xQC — XxQcX^XxXof oo-stacks. 

More precisely, there is a cohomological obstruction 

^(/)GHom 0xii (r^,iV) 
Alternately this obstruction lives in 

Hom 0x ((l,l,/)*Lo ui ^Q C ,7V). 

If (3(f) = there exists deformations of /. The space of all possible 
deformations / : u — > x is 

nRomo x ((l,l,frLn Uti , x QC,N). 

For these two steps to work we need the two moduli stacks QC^ and £l u ,i*xQC 
have deformation theory. In other words that they are infmitesimally cohesive 
and have cotangent complexes. This has already established for QC U . Checking 
that the second space is infintesimally cohesive is formal. Now we come to the 
existence of the cotangent complex for VL U ^* X QC. 

Since i*x need not be compact, fl u ,i*xQC does not have a cotangent complex 
in general. 

However i*x £ Mode> x and X is perfect. Therefore i*x is a filtered colimit of 
perfect modules over Ox- Let us suppose that i*x = colimy^, for (3 : X — > QC". 
Then the natural map 

Homo x (u, colimyo.) — ^ colimHomei x (u, y a ) 

is an equivalence since u is compact. Therefore any map f : u —¥ colimyo, = i*x 
factors through (3 : u — > yp for some (3. 

Since d% is a left adjoint, it preserves colimits, 

x = ^(colimy^) ~ colim(d2y a ) 

It is clear that d^ya need not be compact. 

Replace the moduli stacks Ct u ^* x QC in the second step with f2 Ujy/3 QC. This 
one does indeed have an obstruction theory. This means that the functor 

Q '■ C/xxx -> Catoo 

is infinitesimally cohesive and has a cotangent complex. 

There exists a natural obstruction in the Andre-Quillncn cohomology 

a(u,yp) E Homo x ((3*Lg, N) 

for lifting the map (3 : u — > yp to (3 : u — > di,(yp). The space of all such 
deformations is equivalent to the space 

QRom 0x (P*L g ,N) 

with loops based at the trivial derivation. 

i = co\imdl(yp) implies there is a unique map d^iyp) — > x. Compose this 
with (3 to obtain the desired lift of u — > i*x to X. 
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